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A GENERALIZATION OF DIRICHLET’S UNIT THEOREM
PAUL FILI AND ZACHARY MINER
Abstract. We generalize Dirichlet’s S-unit theorem from the usual group
of S-units of a number field K to the infinite rank group of all algebraic
numbers having nontrivial valuations only on places lying over S. Specifically,
we demonstrate that the group of algebraic S-units modulo torsion is a Q-
vector space which, when normed by the Weil height, spans a hyperplane
determined by the product formula, and that the elements of this vector space
which are linearly independent over Q retain their linear independence over R.
1. Introduction
1.1. Background. Let K be a number field with set of places MK . For each
v ∈MK lying over a rational prime p let ‖ · ‖v denote the absolute value extending
the usual absolute value | · |p on Q. For a finite set S ⊂ MK containing all of the
archimedean places, let UK,S ⊂ K
× denote the usual S-unit group of K given by
UK,S = {α ∈ K
× : ‖α‖v = 1 for all v 6∈ S}.
A fundamental result in algebraic number theory is Dirichlet’s S-unit theorem,
a result originally proven by Dirichlet for the units of a number field and then
extended to S-units by Hasse and later Chevalley (see [4, Theorem III.3.5]):
Theorem (S-unit theorem). With the notation above, the S-unit group UK,S is
a finitely generated abelian group of rank #S − 1. Further, under the logarithmic
embedding
(1)
l : UK,S/Tor(UK,S)→ RS
ξ 7→
(
[Kv : Qv]
[K : Q]
log ‖ξ‖v
)
v
,
the image of l is a lattice which spans the hyperplane
{x ∈ RS :
∑
v
xv = 0} ⊂ RS .
In other words, Dirichlet’s theorem tells us that:
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(A) Since all algebraic numbers a priori satisfy the product formula, and hence
the condition
∑
v xv = 0 under the logarithmic embedding, the S-unit group
of a number field K spans the largest possible vector space it can.
(B) The algebraic rank of the S-unit group is equal to the real dimension of the
vector space it spans. In particular, it is not larger, as in the example of
Ze⊕Zπ ⊂ R, which has algebraic rank equal to 2 because e and π areQ-linearly
independent, but spans a space of real dimension 1. In other words, under the
logarithmic embedding, any vectors which are R-linearly dependent must also
be Q-linearly dependent; by Northcott’s theorem we easily see that we can
choose a Q-vector space basis which must also generate UK,S/Tor(UK,S).
This paper provides a generalization of Dirichlet’s theorem to the infinite di-
mensional space of the group of all algebraic S-units for a given set of places S.
Specifically, supposeK is again a number field and S a finite set of places containing
all of the infinite places. We demonstrate that the group
(2) UalgS = {α ∈ Q
×
: ‖α‖w = 1 for all w ∈MK(α)
such that w ∤ v for all v ∈ S}
is, modulo its torsion subgroup, a normed vector space (written multiplicatively)
which satisfies conclusions (A) and (B) above, namely, that it spans the largest
possible hyperplane and that its vectors which are independent over the scalar field
Q retain their linear independence over R. Naturally, unlike the S-unit group of a
number field, this algebraic S-unit group UalgS modulo torsion is of infinite rank and
thus gives rise to an infinite dimensional vector space. Thus our choice of vector
space norm is essential, which of course is not the case in finite dimension, where
all norms are equivalent. The natural choice for a norm is the absolute logarithmic
Weil height, and we will work in the completion with respect to the Weil height
introduced by Allcock and Vaaler [1]. Finally, we will show that our result (like the
classical Dirichlet theorem) is sharp in the sense that if one drops the assumption
that S contain all of the archimedean places, then the vector space spanned may
be a proper subspace of the hyperplane determined by the product formula.
Our theorem statement is in fact strictly stronger than that of the classical
S-unit theorem, as we will demonstrate below (see Remark 1.4 below) that the
classical S-unit theorem is an easy consequence of “projecting down to K” from
the space UalgS . However, our proof relies on the classical S-unit theorem and thus
does not provide an independent proof of Dirichlet’s result. Nevertheless, the proof
involves several novel elements, including the use of results from functional analysis
(for example, Lemma 2.5, for which we refer the reader to [1], is proven using the
Stone-Weierstrass theorem) and the use of projection operators, particularly the PS
operator defined below in (17), to approximate numbers with respect to the height.
Projection operators associated to number fields also play a key role in [2] and [3];
however, while the operators used in [2, 3] are typically continuous extensions of
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well-defined maps Q
×
/Tor(Q
×
) → Q
×
/Tor(Q
×
) (for example, for a number field
K/Q, the PK operator is a scaled analogue of the algebraic norm down to K),
the operator PS used in the proof here differs in that it is essentially an analytic
object which is defined in the completion and does not arise from any such map of
algebraic numbers modulo torsion. But even though PS will not in general fix the
whole space Q
×
/Tor(Q
×
), it will fix the vector space of S-units, and its continuity
as a linear operator will be seen to be essential to establishing our main results.
1.2. Function space formulation. We now briefly recall the constructions of
Allcock and Vaaler [1] which allow us to view the the group of algebraic numbers
modulo torsion as a vector space normed by the absolute logarithmic Weil height.
We refer the reader to [1, 3] for more details on the constructions used here. We
will let G = Gal(Q/Q) denote the absolute Galois group throughout. Let K denote
the collection of all number fields. Observe that K is naturally a partially ordered
set under containment. For each K ∈ K, we endow MK with the discrete topology.
Then the collection of sets {MK : K ∈ K} naturally forms a projective system
under inclusion with the projection maps for a pair of number fields L/K given by
mapping the place w of L to the place v of K which one obtains by restricting ‖ ·‖w
to K. We form the topological space
Y = lim
←−
K∈K
MK ,
which is a locally compact, totally disconnected Hausdorff space. Notice that the
points of Y exactly correspond to the places of Q. The sets Y (K, v) for any K ∈ K
and v ∈MK given by
(3) Y (K, v) = {y ∈ Y : y|v}
naturally form a basis for the topology of Y . The following result, the proof of
which we will defer to §2, characterizes the sets of places which most naturally
generalize the sets that occur in Dirichlet’s theorem:
Lemma 1.1. A subset S ⊂ Y of places of Q is compact open if and only if there
exists a number field K and a finite set of places T ⊂MK such that
S =
⋃
v∈T
Y (K, v).
We associate to each equivalence class of a nonzero algebraic number α modulo
torsion (that is, the roots of unity) a function fα given by
(4)
fα : Y → R
y 7→ log ‖α‖y.
As each α has a finite number of places where it has a nontrivial valuation, the
functions fα are compactly supported. They are also locally constant on an appro-
priate collection of sets of the form Y (K, v) (where, say, α ∈ K×), and therefore
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they are continuous on Y . Recall that, as a divisible torsion-free abelian group,
the group Q
×
/Tor(Q
×
) is naturally a vector space, written multiplicatively, over
Q. The map
(5)
φ : Q
×
/Tor(Q
×
) →֒ Cc(Y )
α 7→ fα
sending each equivalence class modulo torsion to the associated function is then a
vector space isomorphism onto its image. We denote the image of φ by F , that is,
(6) F = {fα ∈ Cc(Y ) : α ∈ Q
×
/Tor(Q
×
)}.
We will drop the subscript α on elements f ∈ F when convenient; the reader
should bear in mind that each f ∈ F corresponds uniquely to some equivalence
class α ∈ Q
×
/Tor(Q
×
). Lastly, to each number field K ∈ K we associate the
Q-vector space which K×/Tor(K×) spans:
(7) VK = {fα : α
n ∈ K×/Tor(K×) for some n ∈ N} ⊂ F .
Each VK has a canonical projection PK : F → VK associated to it which is defined
and studied in [3, §2.3], to which we refer the reader. Continuous projection maps
will play an important role in the proofs of our main theorems.
Allcock and Vaaler construct a Borel measure λ on Y such that for each number
field K and place v of K,
(8) λ(Y (K, v)) =
[Kv : Qv]
[K : Q]
.
The L1 norm of such a function with respect to this measure is then precisely twice
its absolute logarithmic Weil height:
(9) 2h(α) =
∑
v∈MK
[Kv : Qv]
[K : Q]
|log ‖α‖v| =
∫
Y
|f(y)| dλ(y) = ‖fα‖1
(where we assume without loss of generality α ∈ K× for some number field K).
The product formula now takes the form
(10)
∫
Y
fα(y) dλ(y) = 0,
and thus the space F naturally sits inside the vector space
{f ∈ Cc(Y ) :
∫
f dλ = 0}
which, with appropriate restrictions on the support of f , will form the natural
generalization of the space {x ∈ RS :
∑
v xv = 0} from the S-unit theorem.
The Lp norms for 1 ≤ p ≤ ∞, which we term the Lp Weil heights, naturally
make F a normed vector space for which we may ask if the space of algebraic S-
units UalgS is dense in its appropriate codimension 1 hyperplane, thus satisfying the
analogue of part (A) of Dirichlet’s theorem. To this end we note that Allcock and
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Vaaler [1, Theorems 1-3] determined the completions of F with respect to the Lp
norm, which we denote Fp:
(11) Fp =


{f ∈ L1(Y, λ) :
∫
Y
f dλ = 0} if p = 1,
Lp(Y, λ) if 1 < p <∞,
C0(Y ) if p =∞.
where C0(Y ) denotes the usual space of continuous functions which vanish at in-
finity.
1.3. Main results. Our main results are the following three theorems, which first
provide a generalization of both parts of Dirichlet’s result to the larger group
of all algebraic S-units, and then demonstrate that if the assumption that the
archimedean places are included in S is discarded then the space spanned by F(S)
may in fact be a proper subspace of the hyperplane determined by the product
formula.
Theorem 1.2. Let S ⊂ Y be a compact open set containing all of the archimedean
places. Then the vector space of algebraic S-units
(12) F(S) = {f ∈ F : supp(f) ⊆ S}
is dense in the closed vector space
(13) Fp(S, 0) = {f ∈ Fp : supp(f) ⊆ S and
∫
S
f = 0}
for all 1 ≤ p ≤ ∞, where Fp denotes the completion of F under the L
p norm.
Theorem 1.2 generalizes part (A) of Dirichlet’s theorem as, by Lemma 1.1,
(14) F(S) = φ(UalgT )
for some number fieldK and a finite subset T ⊂MK containing all of the archimedean
places, where UalgT is defined as in (2) and φ as in (5), so F(S) is indeed the vector
space (modulo torsion) of algebraic S-units. We note that by (11),
Fp(S, 0) =
{
{f ∈ Lp(Y ) : supp(f) ⊆ S and
∫
S
f = 0} if 1 ≤ p <∞,
{f ∈ C0(Y ) : supp(f) ⊆ S and
∫
S f = 0} if p =∞.
Regarding the R-linear independence of Q-linearly independent vectors, that is,
conclusion (B) of Dirichlet’s theorem, we prove the following:
Theorem 1.3. Let S ⊂ Y be a compact open set containing all of the archimedean
places and let F(S) be the vector space of S-units defined above in (12). Let
f (1), . . . , f (n) ∈ F(S) and suppose there exist elements r1, . . . , rn ∈ R, not all zero,
such that
∑n
i=1 rif
(i) = 0. Then there exist s1, . . . , sn ∈ Q such that
∑n
i=1 sif
(i) =
0.
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Remark 1.4. We note that the classical S-unit theorem can be easily obtained
assuming the statements of Theorems 1.2 and 1.3. To see this, recall from [3]
that the projection operator PK : F → VK defined in [3, §2.3] is a conditional
expectation, and thus maps functions supported on S to themselves, and it also
acts as the identity on VK,S , and thus PK(F(S)) = VK,S , the Q-vector space span
of the S-units of K. Since PK is continuous, Theorem 1.2 implies that VK,S spans
the hyperplane of functions supported on S and being locally constant on the sets
Y (K, v), which is part (A) of the classical theorem for the S-units of K, and since
PK is a linear operator, the conclusion of Theorem 1.3 implies that the elements
of of VK,S which are R-linearly dependent are also Q-linearly dependent, fulfilling
conclusion (B) of the classical S-unit theorem and recovering the classical result.
As we noted above, our proof uses the classical result, and thus we must include
the archimedean places, which consist precisely of the set Y (Q,∞), in our set S. In
fact, it is not possible to entirely remove this assumption, and Theorem 1.2 is sharp
in the following precise sense. Say S is defined over a field K if we can write S as a
union of sets Y (K, v) where v ranges only over places of K. Thus for example if v
is an infinite place of a real quadratic number field K then S = Y (K, v) is defined
over K and any extension thereof but not defined over Q since S $ Y (Q,∞). Then
we have:
Theorem 1.5. Let S ⊂ Y be a compact open set such that S ∩ Y (Q,∞) = ∅. Let
S be defined over a number field K which has at least one real archimedean place
and suppose at least two places v 6= w ∈MK are such that Y (K, v)∪ Y (K,w) ⊆ S.
Then the closure of the S-units space F(S) in the Lp norm is a proper subspace of
Fp(S, 0).
Example 1.6. As an example, let S = Y (Q, 2) ∪ Y (Q, 3). Then the vector space
F(S) consists of nonzero algebraic numbers which along with all of their conjugates
in the complex plane lie on the unit circle and possess nontrivial valuations only on
places lying over 2 and 3. We note that S is in fact defined overQ and thus Theorem
1.5 applies, so the space F(S) is not dense in Fp(S, 0). In fact, if we restrict to
elements of F(S) which arise from Q, then this result is clear: there is no element of
Q× which can have a positive valuation over 2 and a negative valuation over 3 and
vanish on the infinite place by the Q-linear independence of log 2 and log 3, while
in the completion Fp(S, 0) we can easily construct such a function as we have no
such number theoretic obstructions. The idea of the proof of Theorem 1.5 is that
by using projections, we can demonstrate that it is impossible that some element
supported on S from an extension of Q can make up for these missing functions in
attempting to approximate elements of Fp(S, 0), and thus the closure of F(S) is a
proper subspace.
Lastly, we demonstrate by the next example that even in the case where the
vector space of S-units spans a proper subspace of the hyperplane Fp(S, 0), the
space need not be trivial.
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Example 1.7. Let S = Y (Q, 5) ∪ Y (Q, 7). By Theorem 1.5, the space F(S) is
not dense in Fp(S, 0) for any 1 ≤ p ≤ ∞. Let K = Q(i) where i2 = −1, and
let v be the nonarchimedean place of K associated to the prime ideal (2 − i) and
w the place associated to (2 + i). Notice that since 5 = (2 − i)(2 + i), we have
Y (Q, 5) = Y (K, v) ∪ Y (K,w) ⊆ S. Let α = (2− i)/(2 + i) ∈ K×, and observe that
fα is supported only on Y (Q, 5) ⊆ S and therefore fα ∈ F(S). Thus, F(S) 6= {0}
is nontrivial, as claimed, although it is not dense in Fp(S, 0).
2. Proofs
2.1. Compact open sets of places and Proof of Lemma 1.1. In this section
we prove Lemma 1.1, as well as some other results which are not essential to the
proofs of our main theorems but are of interest in themselves.
Proof of Lemma 1.1. Our proof follows the same approach as in Lemma 1 of [1].
Since S is open in Y , we may choose for each y ∈ S a number field L(y) such that
y lies over the place v(y) of L(y) and Y (L(y), v(y)) ⊂ S. Notice that the collection
{Y (L(y), v(y)) : y ∈ S} is an open cover of the compact set S and as such it possesses
a finite subcover,
{Y (Ln, vn)}
N
n=1
where the Ln are number fields and vn is a place of Ln. Let L = L1 · · ·LN be the
compositum. Then clearly each set Y (Ln, vn) is a finite union of Y (L,w) where w
ranges over the places of L which lie over vn. Thus, we can select finitely many
places wi of L such that S =
⋃
i Y (L,wi) and we have the desired result. 
Although Lemma 1.1 suffices for our purposes, with only a little more work one
can see that there exists a unique minimal field of definition of any compact open
S. We will now demonstrate this result. Recall that G acts on the set Y in a
well-defined manner given by ‖α‖σy = ‖σ
−1α‖y (see [1] for more details). We make
the following definition:
Definition 2.1. Let S ⊂ Y be a compact open set, and let K be a number field.
We say S is defined over K if there exists a set T ⊂ MK (necessarily finite) such
that
S =
⋃
v∈T
Y (K, v).
Notice that by Lemma 1.1 there always exists some number field K such that S is
defined over K.
Lemma 2.2. A compact open set of places S is defined over a number field K if
and only if for any place v ∈MK such that S ∩Y (K, v) 6= ∅ we have Y (K, v) ⊆ S.
Proof. If S is defined over K, this is obvious from the definition and the fact that
the sets Y (K, v) are disjoint from each other for different places v. Suppose now
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that the conclusion holds. Define
T = {v ∈MK : S ∩ Y (K, v) 6= ∅}.
Since Y =
⋃
v∈MK
Y (K, v), the collection {Y (K, v) : v ∈ T } forms an open cover
of S. By compactness, T must therefore be finite, and S must in fact be the union
of the sets Y (K, v) for v ∈ T . 
Proposition 2.3. Let S be a compact open set. Then S is defined over K if and
only if K is a finite extension of the field
(15) k = Fix(StabG(S))
where StabG(S) = {σ ∈ G : σ(S) = S} and Fix(·) denotes the usual fixed field of a
subgroup of the absolute Galois group.
Thus k is the unique minimal field over which S is defined, and such a field may
be naturally associated to any compact open set S as the field of definition of S.
Proof. First, let us show that any field over which S is defined is an extension of k
(and in particular, that k is indeed a number field, so the subgroup StabG(S) must
have finite index in G). By Lemma 1.1, S is defined over some number field K.
Clearly Gal(Q/K) ⊆ StabG(S), since S is a union of sets of the form Y (K, v) but
Gal(Q/K) must fix such sets if it is to act trivially on K. (That is, if y ∈ Y (K, v)
but σy were not, then for some α ∈ K we would have ‖α‖y 6= ‖α‖σy as y and σy
must lie over distinct places of K, and hence ‖σ−1α‖v = ‖σ
−1α‖y = ‖α‖σy 6= ‖α‖v,
which implies that α 6= σα, and so σ /∈ Gal(Q/K).) But then k ⊆ K by the Galois
correspondence, and in particular k is a number field.
Now let k = Fix(StabG(S)). We will show that S is in fact defined over k.
Assume it is not; then by Lemma 2.2, there must exist a place v of k such that
S ∩ Y (k, v) 6= ∅, but Y (k, v) 6⊆ S. Since the sets of the form Y (L,w) for L a finite
Galois extension form a basis for the topology (see [1]), there exists some such L
which contains k such that Y (L,w) $ S ∩Y (k, v). Then the place v of k splits into
places of L, including w. Let w′ be a place of L such that Y (L,w′) ⊂ Y (k, v)\S. By
the same reasoning such an L exists, after replacing L with a larger Galois extension
if necessary. Then there exists σ ∈ Gal(L/k) such that σw′ = w. Lifting σ to G, we
see that σ(Y (L,w′)) = Y (L,w) and σ ∈ Gal(Q/k) ⊂ G. But then σ ∈ StabG(S)
by definition of k as the fixed field of StabG(S), but for any y ∈ Y (L,w), σ(y) 6∈ S
because σ(y) ∈ Y (L,w′) ⊂ Y (K, v) \S by construction. But this is a contradiction
to σ being in the stabilizer of the set S. 
2.2. Proof of Theorem 1.2. The proof will proceed in a series of lemmas. For
an open set E ⊂ Y , we let LC(E) denote the set of all locally constant functions
on E, that is, functions f such that supp(f) ⊆ E and at each y ∈ E, there exists
an open neighborhood N of y such that f is constant on N . We let LCc(E) denote
the locally constant functions on E with compact support. We assume 1 ≤ p ≤ ∞
and we denote by ‖ · ‖p the usual L
p norm throughout.
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Lemma 2.4. Let f ∈ LCc(Y ). Then there exists a number field K such that
f(y) =
∑
v∈MK
xv · χY (K,v)(y)
where xv ∈ R and is zero for almost all v, and χE denotes the characteristic function
of the set E.
Proof. This is [1, Lemma 4]. 
Lemma 2.5. For any given ǫ > 0 and f ∈ C(Y (K, v)) there exists a g ∈ LC(Y (K, v))
such that ‖f − g‖p < ǫ, where K is a number field and v ∈MK and 1 ≤ p ≤ ∞.
Proof. This result is proven in [1] in the course of proving Theorems 1-3. 
Lemma 2.6. Let S ⊂ Y be a compact open set. For any given ǫ > 0 and f ∈ C(S)
there exists a g ∈ LC(S) such that ‖f − g‖p < ǫ.
Proof. By Lemma 1.1 there exists a field K and a finite set of places T ⊂MK such
that S =
⋃
v∈T Y (K, v). Observe that when each space is endowed with the L
p
norm we have:
C(S) =
⊕
v∈T
(p)
C(Y (K, v))
where the direct sum notation implies that each C(Y (K, v)) space is endowed with
the Lp norm and the finite number of vector spaces are combined with the ℓp(T )
norm. The result then follows immediately from Lemma 2.5 above. 
S will denote throughout the remainder of this section a compact open set of Y .
Let
LC(S, 0) = {f ∈ LC(S) :
∫
S
f = 0}, C(S, 0) = {f ∈ C(S) :
∫
S
f = 0},
and
Fp(S, 0) = {f ∈ Fp : supp(f) ⊆ S and
∫
S
f = 0}
(We note in passing that F1(S, 0) = F1(S) = {f ∈ F1 : supp(f) ⊆ S}, but that
this is not the case for p > 1.)
Lemma 2.7. For any given ǫ > 0 and f ∈ LC(S, 0) there exists g ∈ F(S) such
that ‖f − g‖p < ǫ, where F(S) denotes the S-unit space defined in (12).
Proof. Suppose we have f ∈ LC(S, 0). By Lemma 2.4, f has the form
(16) f(y) =
∑
v∈T
xv · χY (L,v)(y)
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where T = {v ∈ ML : Y (L, v) ⊆ S}, L is some number field over which S is
defined, and xv ∈ R. Notice that the Q-vector space span of the S-units of L in F
is precisely F(S) ∩ VL. Let
R(T, 0) = {x ∈ RT :
∑
v∈T
[Lv : Qv]
[L : Q]
xv = 0}.
Observe that we have natural embeddings
ϕ : VL ∩ F(S) →֒ R(T, 0)
fα 7→ (log ‖α‖v)v∈T
and
θ : R(T, 0) →֒ Fp(S, 0)
(xv)v∈T 7→
∑
v∈T
xv · χY (L,v)(y)
and that θ ◦ ϕ : VL ∩ F(S) →֒ Fp(S, 0) is the inclusion map. (Notice that the
embedding ϕ is a rescaled version of the logarithmic embedding (1) used in the
statement of Dirichlet’s theorem.) Observe that if xv is as in (16) above, the
element x = (xv) ∈ R(T, 0) has θ(x) = f . By Dirichlet’s S-unit theorem for the
S-units of L, we see that the image ϕ(F(S) ∩ VL) is a Q-vector space of full rank
in R(T, 0) and is thus dense (in any norm, as all vector space norms are equivalent
on finite dimensional spaces). Observe that the Lp norm on Fp(S, 0) induces a
norm on R(T, 0) which agrees with its restriction to VL. Thus, since R(T, 0) is
finite dimensional, we see that for any ǫ > 0 we can approximate x ∈ R(T, 0) by an
element of g ∈ F(S) ∩ VL with
‖g − f‖p = ‖g − θ(x)‖p = ‖ϕ(g)− x‖ < ǫ,
and the proof is complete. 
Define the map
(17) PS : Fp → Fp(S, 0)
via
(18) (PSf)(y) = χS(y)
(
f(y)−
1
λ(S)
∫
S
f(z) dλ(z)
)
.
Lemma 2.8. PS is a continuous projection in L
p norm onto its range Fp(S, 0) for
1 ≤ p ≤ ∞.
Proof. First, observe that PS is well-defined, as the integral of an L
p function on a
compact set is well-defined, and note that
‖PSf‖p ≤ ‖χS(y) · f(y)‖p +
∣∣∣∣
∫
S
f(z) dλ(z)
∣∣∣∣
≤ ‖f‖p + λ(S)
1−1/p‖f · χS‖p ≤ (1 + λ(S)
1−1/p)‖f‖p
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and thus PS is continuous with L
p operator norm1
‖PS‖p ≤ 1 + λ(S)
1−1/p.
It is easy to see that PS
2 = PS , and thus PS is a projection onto the subspace
Fp(S, 0), on which it obviously acts as the identity. 
Lemma 2.9. For any given ǫ > 0 and f ∈ C(S, 0) there exists a g ∈ LC(S, 0) such
that ‖f − g‖p < ǫ.
Proof. Let f ∈ C(S, 0) ⊂ C(S). By Lemma 2.6 we can choose h ∈ LC(S) such
that ‖f − h‖p < ǫ. Observe that PSf = f , so
‖f − PSh‖p = ‖PS(f − h)‖p ≤ ‖PS‖p · ‖f − h‖p < ‖PS‖p · ǫ.
Observe that PSh differs from h by a constant function on S (namely, −
1
λ(S)
∫
S
h)
and therefore is also an element of LC(S), and in fact, lies in LC(S, 0). Thus we
may take g = PSh and the proof is complete. 
Lemma 2.10. For any given ǫ > 0 and f ∈ Fp(S, 0) there exists a g ∈ C(S, 0)
such that ‖f − g‖p < ǫ.
Proof. Let f ∈ Fp(S, 0). Since Cc(Y ) is dense in Fp, we can choose h ∈ Cc(Y ) such
that ‖f − h‖p < ǫ. Then observe that PSf = f , so
‖f − PSh‖p = ‖PS(f − h)‖p ≤ ‖PS‖p · ‖f − h‖p < ‖PS‖p · ǫ,
and PSh ∈ C(S, 0) as well since it is a continuous function restricted to a compact
open set minus a function constant on that compact open set. Thus we may take
g = PSh and the proof is complete. 
Combining the above lemmas, we see that given any f ∈ Fp(S, 0) there exists a
g ∈ F(S) such that ‖f − g‖p < 3ǫ by the triangle inequality. Since Fp(S, 0) is
closed (it is defined as the null space of the linear functional
∫
S
on Fp) the proof
of Theorem 1.2 is complete.
2.3. Proof of Theorem 1.3. Suppose the equivalence class of f (i) has a rep-
resentative αi ∈ Q
×
. Let K = Q(α1, . . . , αn). Then f (i) ∈ VK for each i.
Let T = {v ∈ MK : Y (K, v) ⊆ S}. Each f
(i) corresponds exactly to a vector
xi = (xi,v)v∈T ∈ RT under the logarithmic embedding defined in (1) above, specif-
ically, we let
xi,v =
[Kv : Qv]
[K : Q]
f (i)(y) where y ∈ Y (K, v).
1Recall that the (operator) norm ‖T‖ of a linear transformation T on a normed vector space
V is defined as the infimum of the values C > 0 such that ‖Tx‖ ≤ C‖x‖ for all 0 6= x ∈ V (or
+∞ if no such value exists). T is continuous if and only if it has a finite operator norm.
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(Recall that since f (i) ∈ VK , it is constant on the sets Y (K, v), so this is well-
defined.) Notice that
n⊕
i=1
Z · xi ⊆ l(UK,T )
where UK,T denotes the usual S-unit subgroup of the field K. By the classical
Dirichlet S-unit theorem, any R-linear dependence amongst the vectors xi implies
a Q-linear dependence by the discreteness of the lattice l(UK,T ) (as discussed in
part (B) of Dirichlet’s S-unit Theorem above). But then any linear dependence
amongst the xi vectors is obviously equivalent to the same dependence amongst
the f (i) functions by construction, and the proof is complete. 
2.4. Proof of Theorem 1.5. We begin with the following lemma:
Lemma 2.11. Suppose S is a compact open subset of Y which is defined over a
number field K which has at least one real archimedean place. If S ∩Y (Q,∞) = ∅,
then the subspace
VK,S = {f ∈ VK : supp(f) ⊆ S} ⊂ F(S)
is trivial, that is, VK,S = {0}.
Proof. By assumption there is a finite set of places T ⊂MK such that
S =
⋃
v∈T
Y (K, v).
Since S ∩ Y (Q,∞) = ∅, clearly v ∤∞ for v ∈ T . For each v we have an associated
prime ideal Pv ⊂ OK , where OK denotes the ring of integers of K. By raising to
the class number h, we can make Pv principal so that P
h
v = (αv). Choose such an
αv for each v ∈ T and let ξ1, . . . , ξn be a Z-module basis for the unit group modulo
torsion of K (such a basis exists by Dirichlet’s theorem). Notice that each α ∈ K×
which is supported only on T then has an expansion
(αh) =
∏
v∈T
Pv
h·ordv(α) = (αv)
ordv(α)
by the unique factorization of prime ideals, where ordv : K
× → Z is the usual
v-adic discrete valuation. Since this factorization holds modulo the units of K, it
now follows that any 0 6= f ∈ VK,S must have a unique expansion
f =
∑
v∈T
rvfαv +
n∑
i=1
sifξi , where rv, si ∈ Q.
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Since supp(f) ⊆ S, we have f(y) = 0 for all y|∞. Let y ∈ Y (K,w) where w is a
real archimedean place of K. Then
f(y) = 0 =
∑
v∈T
rvfαv (y) +
n∑
i=1
sifξi(y)
=
∑
v∈T
rv log ‖αv‖y +
n∑
i=1
si log ‖ξi‖y.
From this it follows that ∥∥ ∏
v∈T
αrvv
∥∥
y
=
∥∥ n∏
i=1
ξ−sii
∥∥
y
.
Raising each side to an appropriate integral power, we find there exist integers
mv,mi such that: ∥∥ ∏
v∈T
αmvv
∥∥
y
=
∥∥ n∏
i=1
ξ−mii
∥∥
y
.
Observe that, since ‖·‖y is a real absolute absolute value, we have for the associated
real embedding: ∏
v∈T
αmvv = ±
n∏
i=1
ξ−mii
But this is impossible, as the left hand side is an algebraic number with nontrivial
nonarchimedean valuations, while the right hand side is an algebraic unit. There-
fore, no nonzero element f of VK,S can exist. 
Proof of Theorem 1.5. Suppose that F(S) is in fact dense in Fp(S, 0). By assump-
tion we have a number field K over which S is defined and which has at least one
real archimedean place. Let LC(S, 0,K) ⊂ Fp(S, 0) denote the subspace of con-
tinuous functions supported on S with integral zero which are locally constant on
the sets Y (K, v). Since by assumption there exist at least two places v1, v2 of K
such that Y (K, vi) ⊆ S, the space LC(S, 0,K) is nonzero (consider the function
which takes the value +1 on Y (K, v1), −1 on Y (K, v2), and vanishes elsewhere).
Let 0 6= f ∈ LC(S, 0,K), and normalize f so that ‖f‖p = 1. If F(S) is indeed
dense, then for any ǫ > 0 there exists some g ∈ F(S) such that ‖f − g‖p < ǫ. Let
PK : F → VK denote the orthogonal projection as defined in [3, §2.3]. We recall
from [3] that PK is a norm one projection with respect to all L
p norms, 1 ≤ p ≤ ∞,
and thus extends by continuity to the completion Fp. We therefore have
(19) ‖f − PKg‖p = ‖PK(f − g)‖p ≤ ‖f − g‖p < ǫ,
since PKf = f by the fact that PK is a conditional expectation on the sets Y (K, v)
(see [3, Lemma 2.10]). But PKg ∈ F(S) ∩ VK = VK,S = {0} by Lemma 2.11, so
PKg = 0 and ‖f‖p < ǫ by (19) above, but this is a contradiction to our normaliza-
tion of f when we take any 0 < ǫ < 1. 
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